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Abstract 

We study slope stability of smooth surfaces and its connection with exceptional 
divisors. We show that a surface containing an exceptional divisor with arithmetic 
genus at least two is slope unstable for some polarisation. In the converse direction 
we show that slope stability of surfaces can be tested with divisors, and prove that 
for surfaces with non-negative Kodaira dimension any destabilising divisor must have 
negative self-intersection and arithmetic genus at least two. We also prove that a 
destabilising divisor can never be nef, and as an application give an example of a 
surface that is slope stable but not K-stable. 



1 Introduction 

There are many notions of stability for a projective variety. A classical one is 
Chow stability that requires the Chow point of the variety be stable in the sense 
of Geometric Invariant Theory. Another notion is K-stability which is closely 
connected to the existence of extremal Kahler metrics. For higher dimensional 
varieties the problem of giving an intrinsic characterisation of either of these 
stability notions remains largely open. 

Related to K-stability is another notion called slope stability introduced 
by Thomas and the second author [RT06; RT07]. This involves a definition of 
slope IJ,{X) for a pair {X, L) consisting of a variety X and ample line bundle 
L, and a slope /Lt(C'z) for each subscheme Z C X (precise definitions appear 
below). We say {X,L) is slope semistable if n{X) < fi{Oz) for every Z, and if 
this fails we say Z destabilises X. These definitions are made so that K-stability 
implies slope stability, and thus gives a concrete and geometric obstruction 
to K-stability. In turn, through the work of several authors, it also gives an 
obstruction to the existence of constant scalar curvature Kahler metrics (the 
result we are referring to was first proved by Donaldson [DonOl], but work of 
Tian [Tia97], Mabuchi [Mab05] and Chen-Tian [CT] contain similar results in 
this direction; the simplest proof can be found in [Don05]). 

*First author supported by EPSRC grant number EP/E044859/1. Second author partially 
supported by the National Science Foundation, Grant No. DMS-0700419 
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A natural question arises as to which varieties are slope stable, and if there 
are any restrictions on the geometry of destabilising subschemes. In this paper 
we explore a connection between slope stability of smooth surfaces and the 
existence of exceptional divisors of high genus (recall that an effective divisor 
D = ^ diDi in a surface is said to be exceptional if its intersection matrix 
(Di.Dj) is negative definite). 

Theorem 1.1. Let X be a smooth projective surface containing an exceptional 
divisor that has arithmetic genus at least two. Then {X, L) is slope unstable for 
some polarisation L. 

This theorem is a natural generalisation of examples of unstable surfaces due 
to the second author [Ros06] , and due to Shu [Shu] . In fact the polarisations 
used in this Theorem make the volume of the exceptional divisor very small, 
and one should interpret this as saying that the space obtained by contracting 
this divisor is unstable due to the existence of a singularity that is not rational 
or elliptic (see Remark 3.5). 

As a first step in the converse direction we show that for smooth surfaces 
slope stability can be tested with divisors. 

Theorem 1.2. // a smooth polarised surface (X, L) is slope unstable then it 
is destabilised by a divisor. 

Given this, the interest lies in the geometry of destabilising divisors. When 
X has non-negative Kodaira dimension it is easy to prove that any destabilising 
divisor has arithmetic genus at least two (Proposition 3.8). The bulk of this 
paper is devoted to proving the next theorem that contains two more results in 
this direction. 

Theorem 1.3. Let D be an effective divisor in a smooth surface X and either 

1. Suppose X has non-negative Kodaira dimension and > 0, or 

2. Suppose D is nef (i.e. D.C > for every irreducible curve C in X). 

Then D does not destabilise X with respect to any polarisation. 

Although there is clearly some overlap between the two statements of this 
theorem the proofs we offer are different (interestingly, positivity of the "adjoint 
divisor" Kx + nD plays a central role in both) . As an application we show 
that slope stability is not equivalent to K-stability (in fact blown up at two 
points witnesses this difference; see Example 7.8). 

Any exceptional divisor that is sufficiently close to a destabilising divisor 
will also be destabilising. Thus it is unreasonable to expect that a destabilising 
divisor is necessarily exceptional (see (3.10) for a specific example). However 
motivated by the examples we have studied we ask the following question: 

Question 1.4. Suppose that 13 is a divisor that destabilises a polarised surface 
(X, L) . Is it necessarily true that there is an exceptional divisor D' C D that 
also destabilises {X, L)l 
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The paper is organised as follows. We start with a brief introduction to 
slope stability in Section 2, and prove Theorem 1.1 in Section 3. The reduction 
of slope stability of surfaces to divisors is made in Section 4. The proof of 
the statement in Theorem 1.3 concerning surfaces of non-negative Kodaira 
dimension is started in Section 5 where it is proved for minimal surfaces and 
completed in Section 6. We then give a self-contained proof of the statement 
about nef divisors in Section 7. 

Terminology 

We work throughout over the complex numbers. We shall write D = E to mean 
that D and E are numerically equivalent divisors but, when it cannot cause 
confusion, we will denote a divisor and the numerical class it represents by the 
same letter and simply write D — E. The canonical class of X will be denoted 
by Kx, and the Neron-Severi space N^{X) of a smooth variety X is the space 
of divisors in X modulo numerical equivalence. 

Inside N^{X) (g) Q lies the ample cone consisting of numerical classes of 
ample Q-divisors, and the effective cone consisting of the numerical classes of 
effective Q-divisors. By the Kleiman criterion, the closure of the ample cone is 
the nef cone and consists of classes that have non-negative intersection with 
every irreducible curve in X. Thus the nef cone is dual to the closure of the 
effective cone which is called the pseudoeffective cone. By a polarised variety 
{X, L) we mean a variety X and choice of ample Q-divisor L, and refer to L as 
the polarisation. 

When X is a surface we denote the intersection of two divisors D and E in 
7V^(X) by D.E. The arithmetic genus of an effective divisor D is defined to be 
Pa{D) = 1 ~ x(C'd) and by the adjunction formula is given by Kx-D + = 
2pa{D) — 2. If D is an irreducible rational curve with self-intersection —n we 
say £) is a —n curve. 
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2 Slope stability 

This section contains a brief summary of slope stability and the reader is referred 
to [RT06; RT07] for more details. 

Let X be a smooth variety of dimension n and L an ample divisor on X 
with Hilbert polynomial 
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The slope of {X, L) is defined to be the ratio 



/i(X,L) 



Now suppose Z C X is a proper closed subscheme and tt: Biz — ^ ^ is the 
blowup along Z with exceptional divisor E. For suSiciently small c € Q"*" the 
divisor 7r*L — cE is ample, and the Seshadri constant of Z is 



Using this we define the slope of Z. For fixed x G Q define ai{x) by 
x{0{k{Tr*L-xE))) = ao(x)fc" + ai(x)fc""i + 0(fc""2) foj. fc > 0, fca; G N. 

From standard theory ai{x) is a polynomial in x which we extend by continuity 
to X € M. Set di{x) = ai — ai{x). The slope of Z with respect to a given real 
number c is defined to be 



If < c < e{Z,L) then this quantity is finite; in fact ao(0) — dg^x) is 
increasing in the range < a: < e{Z) so the denominator is strictly positive 
[RT06, Rmk. 3.10]. When the polarisation is clear from context we suppress 
the L in the notation and write fic{Oz), fJ-iX) and s{Z). 

Definition 2.1. We say a polarised variety {X, L) is slope semistahle with 
respect to Z if 



We say {X, L) is slope semistahle if it is slope semistable with respect to all 
subschemes; when this fails we say Z destabilises {X,L). 

It is easy to check that slope stability is invariant if L is replaced by some 
power, and thus makes sense when L is an ample Q-divisor. In many cases it is 
possible to calculate the slope of X and Z using the Grothendieck-Riemann- 
Roch formula, and for the purpose of this paper we will mostly be concerned 
with the case that Z is an effective divisor in a smooth surface X in which case 



e{Z, L) = sup{c e Q : 7r*L — cE is ample}. 



dx 



J^do{x)dx 



fi{X, L) < Hc{Oz, L) for all < c < e{Z, L). 




(2.2) 



l^c{Oz,L) 



3{2L.Z - c{Kx-Z + Z^ 
2c{3L.Z-cZ^) 



)) 



(2.3) 



where Kx denotes the canonical class of X [RT06, Thm. 5.3]. Note that stability 
of {X, L) with respect to an effective divisor Z depends only on the numerical 
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equivalence class of L and Z. We stress however that a destabilising divisor is 
necessarily integral. 

3 Exceptional Divisors 

In this section we discuss how the existence of exceptional divisors of high genus 
in a surface witnesses instability. 

Definition 3.1. Let D — di^i be an effective divisor in a smooth surface 

with irreducible components Di for i = 1, . . . , m. We say D is exceptional if 
the intersection matrix (Di.Dj) is negative definite. 

Theorem 3.2. Suppose that X is a smooth projective surface containing an 
exceptional divisor D that has arithmetic genus at least two and such that 

D.Di < for every irreducible component Di of D. (3-3) 

Then D destabilises (X, L) for some polarisation L. 

Proof. Let D = '^^diDi where Di are the irreducible components, and fix an 
ample divisor H. Since the matrix (Di.Dj) is negative definite, there exist 
rational numbers qi such that 

Lo -H + Y^q.D, 

i 

satisfies Lq.Dj — for all j. If we write J2 Qi^i — E ~ F where E and F are 
effective with no common components then clearly E.F — i^^ > as < 0, 
whereas E.F — F^ <Qhy definition of the qi. Thus F = so ^ qiDi is effective 
and, since its intersection with each Dj is strictly negative, we deduce that each 
qi is strictly positive. Let 




which is strictly positive. Then Lq — cD is nef for all < c < e, for (3.3) implies 
{Lq — cD).Dj > for all j and if C is an irreducible curve not supported on D 
then {Lo - cD).C ^ {H + Y.Mi - cd,)D,).C > 0. We note that Lq - cD need 
not be ample due to the possible existence of Dj with D.Dj — 0. 
Now set 

Ls Lq + sH, 

which is ample for positive s. We will show that D destabilises {X,Ls) for 
sufficiently small s. To this end note first that Lg — cD is ample for < c < e, 
which implies the Seshadri constant satisfies e{D,Ls) > e. Now Lq = H.Lq > 
> 0, so ^{X,Lo) = —Kx.Lq/Lq is finite. On the other hand as Lq.D = 0, 

3{2Lo.D~ciKx.D + D^)) _ 3{2pa{D) - 2) 
''^^^^'^"^ - 2c{3Lo.D-cD^) - ' 

Hence ficiOD,Lo) tends to minus infinity as c tends to 0. Thus there is a 
< c < e such that ^c{Od, Lo) < t^i^, Lq). So as long as s > is sufficiently 
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small we have c < e{D,Ls) and ^c{OdiLs) < f^{X,Ls). Hence D destabilises 
{X,Ls) as claimed. □ 

Corollary 3.4. Suppose X is a smooth projective surface containing an excep- 
tional divisor D that has arithmetic genus at least two. Then {X, L) is slope 
unstable for some polarisation L. In particular this holds if X contains an irre- 
ducible divisor with arithmetic genus at least two and negative self-intersection. 

The proof centres around the numerical cycle of D whose definition we now 
recall. Suppose D = J^diDi is exceptional. Then the fact that the intersection 
matrix is negative definite implies there exists a (non-trivial) effective divisor 
D' = ^ d[Di which satisfies D' .Di < for all i. Moreover it is easy to check 
that if D' and D" are two such divisors, then min(£'',D") is another. Thus, as 
long as D is connected, there is a unique minimal divisor with this property 
which is called the numerical cycle of D and is denoted by -Dnum (see [Rei97] 
for an introduction to this circle of ideas). 

Proof of Corollary 3.4-. Without loss of generality we may assume D is con- 
nected. Then Artin's well known classification of rational singularities states 
Pa(-Dnum) > 0, and if Pa(-Dnum) ~ then Pa{D') < for all effective divisors 
D' supported on D [Art66, Thm. 3]. 

Similarly a result of Laufer [Lau77, Cor. 4.2] says that if PaiDnum) = 1 then 
Pa{D') < 1 for all such D' (see also [Ncm99]). Hence the assumptions imply 
that Pa(^num) > 2, SO the Corollary follows from Theorem 3.2. □ 

Remark 3.5. The divisor Lq used in the above proof satisfies Lq.C = if and 
only if C is supported on D. Suppose that there exists a contraction X ^ Y 
of D (by Grauert's Theorem [Gra62] this is always possible in the analytic 
category) and that Lq is the puUback of a divisor Ly. For small s, the divisor 
Lg makes the volume of D small, and the fact that D destabilises {X,Ls) can 
be interpreted as saying that {Y, Ly) is destabilised by the singularity obtained 
by contracting D. The Corollary then says that for Y to be stable it can have 
only rational and elliptic singularities. This is analogous to [MumTT, Prop. 
3.20] which considers the case of asymptotic Chow stability and it is worth 
pointing out that similar results have been obtained by Ishii [Ish83], again in 
the case of Chow stability. It would be interesting to have a list of the possible 
singularities on a K-stable surface. 

Example 3.6. There is a wealth of examples of surfaces that contain exceptional 
curves of negative self-intersection and arithmetic genus at least two. These 
include: 

1. If C is a smooth curve of genus at least 2 then the diagonal in C x C has 
negative self-intersection; moreover for certain non-general curves C there 
is another irreducible curve of negative self-intersection in C x C that has 
arithmetic genus at least two. The instability of these examples are those 
of [Shu] and [Ros06] respectively. 
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2. By blowing up sufficiently many points on an irreducible curve of genus 
at least 2 in a smooth surface one obtains a surface X with an irreducible 
curve of negative self intersection and genus at least 2. Moreover by 
taking a branched cover of X one obtains in this way examples that are 
of general type. 

The reader will no doubt be able to provide many more examples. 

Example 3.7. The assumption in Theorem 3.2 that the arithmetic genus be at 
least 2 is necessary. For example, a K3 surface is slope semistable with respect 
to every polarisation, since it has trivial canonical class [RT07, Thm. 8.4], and 
this is true irrespective of the existence of any —2 curves. The next result says 
that this is typical. 

Proposition 3.8. Suppose that (X, L) is a smooth polarised surface with 
Kx-L > (which holds for every L if X has non-negative Kodaira dimen- 
sion). If D is an effective divisor that destabilises {X,L) then D has arithmetic 
genus at least 2. 

Proof. By assumption, fJ,{X, L) = —Kx-L/L^ < 0. On the other hand if D is 
an effective divisor then 

_ Si2L.D-c{Kx.D + D^)) ^ ic{2pa{D)-2) 
^^^^'^ 2ciSL.D-cD^) ^ 2ciSL.D - cD^)- 

Since the denominator is positive for < c < s{D,L) we conclude that 
Ai(X, L) > ^lc{OD.L) implies Pa{D) > 2. □ 

Example 3.9. A surface with negative Kodaira dimension can be destabilised 
by a divisor with arithmetic genus less than 2. For instance blown up at a 
single point is destabilised by the exceptional divisor for all polarisations [RT06, 
Ex. 5.27] 

We now give an example of a destabilising divisor that is not exceptional. 
However, in this as well as other examples we have studied, it is the case that 
if D destabilises then there is an exceptional D' C D that also destabilises. It 
would be interesting to know if this is a general phenomena. 

Example 3.10. Let Cg be a smooth curve of genus g > 2 and Ch be a smooth 
curve of genus h = (g — l)d+ 1 that admits an unramified covering p: Ch — > Cg 
of degree d. Set X = Cg x Ch, and let E be the graph of p. Furthermore let Eg 
be a fibre that has genus g and similarly for Eh. The canonical class of X is 
Kx = {2g — 2){Eh + dEg) and since E has genus h a simple calculation with 
the adjunction formula implies E^ = d{2 — 2g). Let 

L^{2g~ 2)dEg + E and D = Fg + E. 

Clearly D is effective, L is nef and L.E = 0. Moreover e{D, L) > 1. An easy 
calculation yields 

n(Xr\^ 9n u(n r . H'^ ^ ^id{2g - 2) + 2g)) 
- -25 l^c{Oo,L) - 2e(3-c(d(2-2g) + 2))- 
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Thus ^c{Od) — ^ as d ^ oo. Setting c = 8/(85) < s{D,L) this impUes that 
D destabilises {X, L') for d ^ 0, as long as L' is a polarisation sufficiently close 
to L. On the other hand it is clear that D is not exceptional as = 0. A 
similar calculation shows that E also destabilises when d is large. 

4 Reduction to Divisors 

In this section fix a smooth polarised surface (X, L). Our aim is the following 
theorem. 

Theorem 4.1. // (X, L) is slope unstable then it is destabilised by a divisor. 

To prove this we deform an arbitrary destabilising subscheme Z into a 
subscheme Z' which is a disjoint union of a divisor and a zero-dimensional 
piece. By semicontinuity we conclude that Z' also destabilises, and thus some 
connected component of Z' destabilises. The proof is completed by showing 
that zero-dimensional subscheme can never destabilise a smooth surface. 

Proposition 4.2. [RT07] Suppose that Z destabilises a polarised variety {X, L). 
Then there is a connected component of Z that also destabilises. Moreover if a 
thickening jZ destabilises for some J > 1 then so does Z . 

Proof. This is taken from [RT07, Prop. 4.25]. Suppose Z = Zi\J Z2 where 
Zi n Z2 is empty. It is easy to check that e{Z) < £{Zi) for i — 1,2 (this 
can be done using the Kleiman criterion on the blowup of Z). Moreover 
since Zi n Z2 is empty we can write /Xc(CzJ = ai/Pi where f3i > and 
Hci^ZiUZi) = («i + ct2)/{f3i + /32)- Thus if Z destabilises then either Zi or Z2 
must destabilise. The second statement follows from elementary properties of 
the slope formula, and the observation that e{jZ) = j^^e{Z). □ 

Proposition 4.3. Suppose that (X, L) is slope unstable. Then either it is 
destabilised by a divisor or by a zero-dimensional subscheme. 

Proof. Let Z be a destabilising subscheme of X. If Z is zero dimensional then 
we are done. Otherwise let D be the largest divisor contained in Z so we can 
write = -^d • -^Yq where Yo is a zero-dimensional subscheme. Explicitly, if 
Z is defined locally by an ideal / and D is defined by a function / then Fq is 
defined locally by the ideal {I ■ f) = {g ■ gf & I}- 

Clearly it is possible to move Yq away from its support in such a way that 
the thickenings of the family are all fiat. That is, there exists a small disc 
G A C C and a subscheme Y C X x A such the fibre of Y over is Yq, 
and such that the thickenings jY are all fiat over A. Moreover by choosing Y 
generically and shrinking A if necessary we can assume that Yj is disjoint from 
D for all t 0. (This is easiest seen in the analytic topology where one can 
take general local analytic coordinates x,y around each point of the support of 
Yq and move the component of Yq supported at this point along a coordinate 
axis by (a;, y) 1^ {x + t, y) for < G A). 
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Now consider the subscheme W given by J^w = -^dxA • -^y and let X 
X X A be the blowup along W with exceptional divisor £. Since X is isomorphic 
to the blowup along Y we have that X is flat over A. The central fibre of X 
is isomorphic to the blowup of X along Z, and £ restricts to the exceptional 
divisor of this blowup. Similarly the fibre of X over i 7^ is isomorphic to the 
blowup of X along YtU D (and again the £ restricts to the exceptional divisor). 

Now set Z' = Wt for some t ^ 0. Then n^Oz) = ^^c{Oz') for all c by 
flatness of X. Moreover by semicontinuity of Seshadri constants (since ampleness 
is an open condition), e{Z) < e{Z'). Thus if Z destabilises X then so does Z'. 
Hence from Proposition 4.2 some connected component of Z' also destabilises 
and this component is either a divisor or zero-dimensional. □ 

We now turn to stability with respect to zero-dimcnsional subschcmes. 

Lemma 4.4. If Z d X is supported at a point then 

^^c{Oz) > f . (4.5) 
Zc 

Proof. Let tt : X X he the blowup along Z with exceptional divisor E and 
p: X ^ X he a resolution of singularities. We set q — nop: X^X and 
F ~ p*E. Note that if < a; < e{Z) then tt* L — xE is nef, and thus so is 
q* L — xF. Now applying the Grothendieck-Riemann-Roch formula to X and 
using [RT07, Sec. 8.1] we have 



Mc(Od) 



/;ai(x) + %^da: 
/p ao(a;)dx 



where for all < a; < e{Z), 



aQ[x) = — and ai{x) > V—\qL-xF) 

(to compare this with [RT07, 4.20, 8.2, 8.3] use ai{x) — Ui — ai{x)). We have 
Kx — q*Kx > so ai{x) > whenever q*L — xF is nef, and thus di{x) > 
for < X < c. Integration now yields the desired inequality. □ 

Remark 4.6. 

1. With a little more work it can be shown that the inequality (4.5) is always 
strict. In particular this is the case when Z {p} is a single point in 
which case /ic(Oz) = 3/c. On the other hand the slope /ic(C'mz) of a 
m-thickened point gets arbitrarily close to 3/ (2c) as m tends to infinity. 

2. At this point it is easy to prove Theorem 4.1 when Kx-L > (which 
occurs, for instance, whenever X has non-negative Kodaira dimension), 
since then ^{X) < whereas the slope of any zero-dimensional subscheme 
is strictly positive. 

The next two Lemmas give bounds on the Seshadri constant of zero-dimen- 
sional subschemes. 
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= lim -vreg(^i). (4.8) 



Lemma 4.7. Let Z\ C Z2 he subschemes of X supported at a point. Then 

e(Zi) > e(Z2). 

Proof. This lemma is presumably well known to experts, but for convenience 
we include a proof here. Recall that a sheaf ^ is said to be m-regular (with 
respect to L) if 

® L"-*) = for all i > 0, 
and that the Mumford-Castelnuovo regularity is defined to be 

reg(j^) = min{TO : is m-regular}. 

The relation with Seshadri constants is given by a theorem of Cutkosky-Ein- 
Lazarsfeld [CELOl, Thm. B] which says that if a subscheme Z is defined by the 
ideal sheaf J^z then 

— — ^ — lim - 
e(Z) j^oo j 

We claim that if ^2 ^ -^1 ^ Q is an exact sequence of sheaves 
with Q supported at a point then reg(cy2) > reg(^i). But this is clear as 
H^{Q <E) L"'~') = for all m and all i > 0, so there is a surjection 

Thus if J^2 is m-regular then so is ^1, and hence reg(=^2) > reg(^i). Applying 
this to the inclusion C J^^^, this implies reg(^^^) > reg(^^^) for all j >\, 
so the lemma follows from (4.8). □ 

Remark 4.9. It is important in the above lemma that Zi and Z2 be supported 
at a point. For example let X be the blowup of at a point with exceptional 
divisor E. Denote the hyperplane class by H and let L — 3H — E which is 
ample. Suppose Zi is the proper transform of a line through the point blown 
up, and Z2 is the union of Zi with the exceptional divisor. Then numerically 
Zi = H — E and Z2 = -ff and one can check e(Zi, L) — 1 whereas e{Z2, L) = 2. 

The next result comes from [RT07] where it was used to show that reduced 
points do not destabilise. 

Lemma 4.10. Let Z he a reduced point Z = {p}. Then 

{3L + cKx).L>0 for alio < c< e{Z). 

Proof See the proof of [RT07, Thm. 4.29]. □ 

We now complete the proof of the main theorem. 

Proof of Theorem 4-1- We claim that no zero-dimensional subscheme Z d X 
destabilises. By (4.2) we may assume without loss of generality that Z is 
connected and thus supported at a point p. For m > 1 we write e{mp) for the 
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Seshadri constant of the m-thickening of the point p (i.e. the subscheme given 
by -^{™})- Suppose first that mp C Z for some to > 2. Then by (4.7), 

e{Z) < e{mp) = —e{p) < ^e(p). 

TO 2 

If c < e{Z) then 2c < e{p) so by (4.10), 

{3L + 2cKx).L > 0. 

Hence from (4.4), 

/ic(Oz) > I > = m(^) 

and so Z does not destabihse. 

Thus we may suppose that Z does not contain mp for any to > 2. To 
calculate the slope of such a Z note first that pc{Oz) depends only on the local 
geometry of X around p (in the analytic topology) , so we may work in the ring 
i? = C[[a;, y]] and suppose that Z is defined by an ideal I C R. Since / is not 
contained in (x, y)^ there is a change of coordinates such that / is of the form 

for some n > 1. Then R/I^ is spanned by x"y^ for < a < < /? < (j — a)n, 
so 

length(i?//^") = "(j' - = ":^(^tAl. 

a=0 

Replacing j by xk (where xk G N) and using the definition of ai{x) from Section 
2 this implies 

2 

ao(a;) = and ai[x) ^ — 

which yields 

Mc(Oz) = ^. 

c 

Now as Z is supported at p, we have e{Z) < e{p) (4.7). Thus from (4.10), if 
< c < e{Z) then 

Mc(Oz)-^>-%^-M^) 

so Z does not destabilise. Hence no zero-dimensional subscheme can destabilise, 
and Theorem 4.1 follows from Proposition 4.3. □ 



5 Destabilising divisors on minimal surfaces 

We now turn to the task of showing that any divisor that destabilises a surface 
with non-negative Kodaira dimension has negative self-intersection. In this 
section we prove a theorem that deals with the case of minimal surfaces. 
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Theorem 5.1. Let (X,L) be a smooth polarised surface with non-negative 
Kodaira dimension. Suppose D is a divisor in X with > and that either 
4Kx.D + Kj^>0 or Kx-D < 0. Then D does not destabilise {X, L). 

Corollary 5.2. Let (X,L) be a polarised surface with non-negative Kodaira 
dimension such that > (in particular this holds for minimal surfaces). 
Then any divisor that destabilises (X, L) must have negative self-intersection. 

The proof consists of an elementary analysis of the slope of a divisor with 
non-negative self-intersection. 

Definition 5.3. We say an effective divisor D C X pseudo-destabilises a 
polarised surface {X, L) if 

^1c{Od) < t^{^) for some < c < e{D, L) 

where £{D, L) is defined to be the smallest positive root of p{t) — {L — tD)^. 

Remark 5.4. (1) Clearly £{D, L) < e{D, L), so if D destabilises then it pseudo- 
destabilises. (2) Using the Hodge index theorem, one can check e{D,L) is well 
defined, and D^e{D, L) < L.D. Thus a«c(Cd) is finite for < c < e{D, L). (3) 
Whether a divisor pseudo-destabilises depends only on its numerical equivalence 
class. 

Theorem 5.1 is a consequence of the following strengthening. 

Theorem 5.5. Let (X,L) be a smooth polarised surface with non-negative 
Kodaira dimension. Suppose D is a divisor in X with > and that either 
4Kx-D -t- > or Kx-D < 0. Then D does not pseudo-destabilise {X,L). 

Proof. As X has non-negative Kodaira dimension, < 0. li Pa{D) < 1 

then ^c{Od) > for all < c < e{D) so D does not pseudo-destabihse. Thus 
we may assume Pa{D) > 2 at which point it is elementary to check that ficiOo) 
is strictly decreasing in the range < c < £{D). Thus to prove the theorem it 
is sufficient to show 

^l{X,L)<^^,(^D){OD,L). (5.6) 

Now since the statement of the theorem is invariant under rescaling L, we 
may assume without loss of generality that L.D = L^. li D = L then e{D) = 1 
and since Kx-L > 0, 

3{L^~Kx.L) -Kx.L _ 

tti{D){UD) - > - M(^), 

SO D does not pseudo-destabilise. li D ^ L then consider the plane in N^{X) 
spanned by D and L. Since the restriction of the intersection form to this plane 
has index (1,-1) we can write 

D = L + yr 

where r is a numerical class that is orthogonal to L and satisfies — —L^. 
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By assumption < = — y^) so \y\ < 1, and changing the sign of r 
if necessary we may assume < y < 1 . A simple calculation yields 

e:= eiD) = {l + y)-\ 

Let K' = zL + WT be the projection of Kx to the plane A. Then Kx-L = 
K'.L = zL'^, so z > 0, and Kx-D = K' .D = L'^{z - wy). Hence 

J. _ 3{2L.D-e{Kx.D + D^)) _ 3(2 - e{z -yw + 1- y^)) 
t^e[Un, ivj 2e{3L.D - eD^) 2e(3 - e(l - y^)) 

^ 3(2(1 + y) - (- - /;»■) - 1 + y^) 

2(2 + y) 

fi{X,L) = — = -z. 

Now if w > then, 

, 3(2(1 + y)-{z-yw)-l + y^) ^ 3((1 + yf - z) 

3z 

-"2(2T^--"' 

so D does not pseudo-destabilise. Next note that if Kx-D < then w > so 
we are done by the above. Thus we are left to deal with the case that w <0 
and AKx-D + K\ > in which case 

< 4:Kx.D + K%< AK'.D + K''^ 
= L'^[A{z - wy) + z^ - w^] < L^[A{z - w) + z"^ - w^] 
= L'^{z-w){z + w + 4:) 

which implies w > —z — A. Hence 

,n n 3(2(l + j/)-^ + t/to-l + y^) ^ 3i{l-y)^-zil + y)) 

Thus D does not pscudo-dcstabilisc {X, L) as claimed. □ 

Example 5.7. Let 51,52 > 2 and suppose Ci and C2 are very general curves of 
genus 5i and 52 respectively (by this we mean (Ci, C2) is a very general point in 
the product Mg^ x Mg.^ of modTili spaces) and set A = Ci x C2. Then clearly Kx 
is ample, and it is well known that N^{X) has rank 2. Thus X has no curves of 
negative self-intersection so is slope stable with respect to all polarisations. We 
remark that this result is expected from considerations of stability of products. 
If {X, L) and {X' , L') are K-stable, then one expects that (A x X' , L ® L') is 
also stable (this is motivated by the conjectured equivalence between K-stability 
and the existence of constant scalar curvature Kahler metrics). 
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Example 5.8. Let X be a surface with ample canonical class, and L be a 
polarisation such that 

2{Kx.L)L - {L^)Kx is positive. (5.9) 

We claim that (X, L) is slope-stable. Since Kx is ample we only have to check 
slope stability with respect to divisors D with negative self-intersection. But 
this is clear, for if < c < e(D, L) then 2LD - cD"^ > (L - cD).D > so 

^, ?,{2L.D-cKx.D-cD-') SKx-D 



2c{3LD - cD^) 2{SL.D - cD^) 

- 2L.D - ^ ) 

Remark 5.10. The condition (5.9) was introduced by Chen [ChcOO] and 
Donaldson [Don99] regarding the existence of special metrics on surfaces. It 
was studied by Weinkove and Song-Weinkove [Wci04; SW] who prove that this 
condition is sufficient for the Mabuchi functional to be proper, which is expected 
to imply K-stability. Example 5.8 is an improvement to the surface case of 
[RT06, Thm. 5.5] that contains a similar result for higher dimensions. 



6 Destabilising divisors on surfaces with non-negative 
Kodaira dimension 

This section is devoted to proving the following: 

Theorem 6.1. Let (X,L) be a smooth polarised surface with non-negative 
Kodaira dimension. Then any divisor that destabilises {X, L) has negative 
self-intersection. 

The proof proceeds by discarding certain components of D in such a way 
that, after a possible blowdown of X, the divisor Kx -\- D is nef at which point 
the results from the previous section are applied. 

Proposition 6.2. Let {X, L) be a polarised surface of non-negative Kodaira 
dimension and suppose that a divisor D pseudo-destabilises {X,L). Then there 
exists a (possibly trivial) blowdown t: : X ^ X' , an effective divisor D' and 
polarisation L' of X' such that D' pseudo-destabilises {X',L') and 

1. D — TT*D' is a sum of components of D that have negative self-intersection 
and D'"^ > D'^ , 

2. L = TT* L' — E]^ where Ej^ is supported on the exceptional divisor of the 
blowdown and 

3. Kx' + D' IS nef. 

Granted this, it is easy to prove the main theorem of this section. 
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Proof of Theorem 6.1. Suppose for contradiction that D is a divisor with > 
that destabihses. Applying the proposition we obtain a divisor D' that 
pseudo-destabihses a surface X' with D'"^ > and Kx' + D' nef. But X' 
also has non-negative Kodaira dimension so < {Kx' + D').Kx' ■ Thus either 



Kx'D' < or AKx'.D' + K'ir, > which is impossible by Theorem 5.5. □ 



Thus it remains to prove the Proposition which we start now by simplifying 
destabilising divisors. 

Lemma 6.3. Let {X, L) he a smooth polarised surface with non-negative Kodaira 
dimension. Suppose that D is an effective divisor that is numerically equivalent 
to D' + F where D' and F are non-trivial effective divisors with F^ < and 

2D.F <mm{F^,F^ - Kx.F}. (6.4) 

1. If D pseudo-destabilises then so does D' . 

2. If in addition D.Fi < Ff for every irreducible component Fi of F and D 
destabilises then so does D' . 

To understand this statement, let D he a, divisor that pseudo-destabilises 
and suppose D contains an effective divisor D' such that D'^ > and 
Pa{D') > Pa{D)- Then the Lemma implies D' also pseudo-destabilises provided 
F — D ~ D' satisfies F^ < 0. Although this formulation is simpler, it is slightly 
weaker and is not the form in which Lemma 6.3 will be used. In fact we will be 
interested in the case that D — D' + F where F is an —n curve (i.e. _F ~ 
with — —n), in which case condition (6.4) becomes 

D.F < F^ + 1 if F is a curve with n>2 
D.F < — 1 if F is a —1 curve. 

Proof of Lemma 6.3. Notice that 2D'.F + F^ = 2F>F - F^ < 0, so for c> 

(L - cDf (i - cD' - cFf <{L- cD'f + c^{2D'.F -I- F^) < (F - cD'f 

which implies e{D') > e{D). Now the assumption that D pseudo-destabilises 
means /ic(C'r>) < fJ-i^) for some < c < e{D). But 

^_ 3{2L.D-ciKx.D + D^)) 
''^^^''> - 2c{3L.D-cD^) 

_ 3(2L.F>' - c{Kx.D' + D'^)) + 3(2F.F - c{Kx.F + F^ + 2D'.F)) 
~ 2c{3L.D' - cD'^) -f 2c(3L.F - cF2 - 2cD'.F) 

and by hypothesis 

3i2L.F ciKx.F + F^ + 2D'.F)) ^ 

2c{3L.F-cF^-2cD'.F) - ' 

Recall now that if a,/3, e M and 7, 5 G M+ with (a + (3)/{'^ + 5) < ji and 
P/6 > fi then a/j < fi. Thus 

3{2L.D'-c{Kx.D' + D")) 
''^(^^'^ - 2c(3F.7^'-cD'2) < ^"^^^ 
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so D' pseudo-destabilises {X, L) as claimed. 

For the second statement it is sufficient to prove that e{D) < e{D'). But 
if L — cD = L — cD' — cF is ample, then clearly (L — cD').C > for any 
irreducible curve C not contained in F, and if Fi is a component of F then 
(L - cD').Fi > L.Fi - c{D.F, - Ff) > 0, so L - cD' is also ample. □ 

Proof of Proposition 6.2. We claim that, without loss of generality, we may 
suppose that if F is an irreducible curve with < then 

D.F > if F is a —1 curve, and 
^ " 6.5 
{Kx + D).F >Q otherwise. 

To see this suppose D pseudo-destabilises and (6.5) does not hold for some 
irreducible F with < 0. If F is not a -1 curve then D.F < -Kx-F < 0, 
and if F is a —1 curve then D.F < by hypothesis, so either way F must 
be a component of D. Suppose first Pa{F) > 1- Then {Kx + D).F < and 
Kx.F > so 

2D.F = 2{Kx + D).F - {2pa{F) - 2) + F^ - Kx .F < F^ ~ Kx-F. 

Thus from Lemma 6.3 we deduce that D' = D — F also pseudo-destabilises. 
Similarly if _D is a —n curve with n>2 then D.F < -Kx.F -I = F^-M, and if 
F is a — 1 curve then D.F < —1, so once again the Lemma implies D' = D — F 
pseudo-destabilises. One can easily check that in each of these cases D'^ > D^, 
and thus by making D smaller if necessary we can assume (6.5). 

Suppose now that F is a — 1 curve with D.F — 0. Let tt: X ^ Y he the 
blowdown of F, so D = tt*Dy for some effective divisor Dy in Y. Moreover L — 
'k*Ly — sF for some polarisation Ly of Y and s > 0, which implies ^{X^ L) < 
Ii{Y,Ly). Now D.F ^ implies fj,c{OD,L) = iIc{Ody^Ly). Moreover if c> 
then (F - cDf < {Ly - cDyY so £{Dy,Ly) > e{D,L). Thus Dy pseudo- 
destabilises Y and Dy = D^ > 0. Thus by repeating this process we obtain 
a divisor D' that pseudo-destabilises a polarised surface {X',L') such that 
{Kx' + D').F > for all irreducible curves F with negative self-intersection. 
But if F is irreducible with non-negative self-intersection then it is nef, so 
{Kx' + D').F > since Kx' and D' are effective. Thus Kx' + D' is nef as 
claimed. □ 



7 Stability with respect to nef divisors 

The purpose of this section is to prove that nef divisors do not destabilise. 
Of course when X has non-negative Kodaira dimension this has already been 
proved in the previous section. However the proof we give here is different, and 
applies as well to surfaces of negative Kodaira dimension. 

Theorem 7.1. Let X be a smooth polarised surface and D be a nef divisor. 
Then D does not destabilise X with respect to any polarisation. 
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The rough idea for the proof is that, apart from two special cases, there 
exists a blowdown tt : X — > X' such that D is the puUback of a divisor D' and 
Kx' + 2D' is nef. (The two special can only arise when X is a ruled surface, or 
a blowup of P^.) We then prove slope stability of X by comparison with X'. 

Proposition 7.2. Let X be a smooth surface and D be a nef divisor. There 
exists a (possibly trivial) blowdown tt : X —t X' to a smooth surface X' and a 
divisor D' C X' such that D = Tr*D' and one of the following conditions hold: 

1. The divisor Kx' + 2Z)' is nef. 

2. X' ^ P2 and D' is a line. 

3. The surface X' is a -bundle over a curve and D' is a union of its fibres. 

Moreover in the first two cases the divisor Kx + SD is pseudoeffective (i.e. it 
lies in the closure of the effective cone). 

Proof. We will show that under the assumption that D intersects positively all 
— 1 rational curves in X the pair (X, _D) is already of these three types. The 
proposition clearly follows from this because we can subsequently blowdown all 
— 1 curves in X that have zero intersection with D. 

So suppose that D.C > 1 for all —1 curves C and that Kx + 2D is not nef, 
so there exists an irreducible curve C with {Kx + 2D).C < 0, which implies 
Kx-C < 0. By the Mori Cone theorem [Mor82] C = Ri, where each R, is 
an extremal ray of X. Since {Kx + 2D).C < at least one of the rays Ri is not 
a —1 curve. This is possible only if X is a P^-bundle over a curve, or X is P^. 

If X is a P^-bundle over a curve then D must be a union of its fibres otherwise 
Kx + 2D is nef. Indeed all P^-bundles over curves apart from P^ x P^ and P^ 
blown up at one point have just one extremal ray R namely the fibre of the 
surface. If D is not a fibre then D.R > and so {Kx + 2D).R = -2 + 2D.R > 0. 
The cases of P^ x P^ and P^ blown up at one point are similar. If X is P^ then 
clearly Z? is a line, otherwise Kx + 2D is nef. 

For the last statement notice that in the first two cases the divisor Kx'+'iD' 
is nef, and hence so is tt*{Kx' + 3D'). Since Kx ~ tt*Kx' is effective, this 
implies Kx + 3D is pseudoeffective. □ 

Remark 7.3. Of course Cases 2 and 3 can only occur when X has negative 
Kodaira dimension, but we stress that the converse is not true. Also it is clear 
that if X has non-negative Kodaira dimension then the proof actually produces 
a pair (X', D') such that Kx' + D' is nef. 

Proof of Theorem 7.1. Fix a polarisation L on X and a nef divisor D. The aim 
is to show that D does not destabilise, which entails showing that if c is chosen 
so A = L — cD is ample then 



Kx.L 3{2L.D~c{Kx.D + D^ 
L2 2c{3L.D - cD^) 



)) 
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Rearranging, the goal becomes to prove that the polynomial 

P(c) ^c^{Kx.D + 3D^)D^ +4:C^{Kx.A + 3A.D)D^ 

+ 3c[2((Xx + 2D).A){A.D) - (Kx-D - D^)A^] + 6{A.D)A^ 

is positive. Since A is ample, the constant term is clearly positive, so is sufficient 
to prove that all the other coefficients of P{c) are non-negative. At this point it 
is convenient to define 

Q{A, D) = 2{{Kx + 2D).A){A.D) - {Kx-D - D^)A^. (7.4) 

Let tt: X ~^ X' he the blowdown coming from Proposition 7.2, so 13 = tt* D' 
for some divisor D' . Notice that in the first two cases of (7.2), Kx + 3-D 
is pseudoeffective, and since D and A are nef this implies the highest two 
coefficients of P{c) are non-negative. In the third case, ~ and so these 
coefficients vanish. Thus is sufficient to prove that Q{A, D) > which we do 
for each case separately. 

Case 1: (The divisor Kx' + 2D' is nef) 

Note that if Kx-D — D^ < then clearly Q{A, D) > 0, so we may suppose 
Kx-D - > 0. Write A = Tr*A' - El, where El is supported on the 
exceptional divisor and A' is an ample divisor on X' . Then 

Q{A, D) = 2{{Kx + 2D).A){A.D) - [Kx-D - D^)A^ 

= QiA', D') + 2{{Kx - n*Kx-).A){A.D) - (Kx-D - D^)El. 

Obviously £■[ < and since Kx — ''r*Kx' is effective we have {Kx — ''r*Kx')-A > 
0. Thus Q{A',D') < Q{A,D), so the proof of this case is completed by the 
following lemma. 

Lemma 7.5. Let X' be a smooth surface. Suppose that D' is a pseudo-effective 
divisor with D'^ > such that Kx'+2D' is pseudoeffective and {Kx'+2D')^ > 0. 
Then Q{A' , D') > for every ample divisor A' . 

Proof. We will prove the result for any effective D' e N^{X) (E) R. As above 
we clearly can assume Kx'.D' — D'^ > 0. Suppose first that the numerical 
class of D' is proportional to Kx' + 2D' . Then {Kx' + 2D') = aD' for some 
a > and Q(A', D') = 2a{A'.D')'^ - (a - 3)A''^D''^ which is non-negative by 
the Hodge-index theorem. 

Hence we can assume Kx' + 2D' and D' span a 2-plane A C N^{X) (g) M. 
Since both divisors are effective and have non-negative square, the restriction 
of the intersection form to A has signature (1, —1) and moreover the vectors D' 
and Kx' + 2D' are in the same non-negative octant. 

Now notice that if A is the projection of A' onto A then > A'^ so 
Q{A, D) < Q{A', D). Thus we may assume without loss of generality that A' 
lies in A. Moreover by homogeneity of Q{A' , D) with respect to A' we can assume 
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A'"^ = 1. Thus by picking a suitable basis for A we can write D' = {x, —cx) and 
Kx' + 2D' = (z, cz) with x, z > 0, < c < 1 and A' = {y^TTif, y). Hence 

Q{A', D') = 2{{Kx' + 2D').A'){A'.D') - {Kx'-D' - D'^)A'^ 

= 2{{Kx' + 2D').A'){A'.D') - {{Kx' + 2D').D' - 3D'^)A'^ 

— 2z{\/l + y2 — cy)x{\/l + + cy) — {zx + c? zx — "iix? — c^x^)) 

> 2zx{l + — c^2/^) ^ (^2; + c^zx) > zx — (? zx 

> 0. 

as required. □ 
To deal with the remaining two cases we need an additional lemma. 

Lemma 7.6. Letp: X —t Y he a blowdown of smooth surfaces whose exceptional 
divisor E is connected. Fix a smooth divisor Dy in Y such that p{E) G Dy 
and let A = p* Ay — Ea he an ample divisor on X with Ea supported on E. 
Finally let Dy be the proper transform of Dy and set 

F = p* Dy — Dy. 

Then 

iA.Kp)iA.F) > -El 
where Kp = Kx —p*Ky is the relative canonical class of p. 

Proof. We argue by induction on the number of irreducible components of E. 
If E is irreducible it must be a —1 curve, in which case it is clear that equality 
holds. Suppose now that E has more than one irreducible component, so at 
least one component i?o is a — 1 curve. Let q : X Z he the contraction 
of i?o, and pz'. Z ^ Y he the remaining blowdown, so p — pz ° q. We have 
A = q* Az — aEo for some ample divisor Az on Z. 

Let Fz be the difference between p*zDy and the proper transform of Dy in 
Z. We claim that 

A.F > Az.Fz > a. (7.7) 

To see this let x — q{EQ). If x is not contained in the proper transform of Dy 
we have F — q*{Fz), and otherwise q*{Fz) is strictly contained in F which 
proves the first inequality. For the second inequality let G he any irreducible 
component of Fz that contains x, and G be its proper transform in X. Since 
A and Az are ample and G.Eq > 1, 

0<A.G = {q*Az - aEa).G < Az.G - a < Az-Fz - a. 

Now we finish the proof of the lemma. Writing Az = p*zAy — Eaz where 
Eaz is supported on the exceptional divisor of pz, we have by induction 
{Az.Kpz){Az.Fz) > -E\^. The identity Kp = q*Kpz + Eq and (7.7) thus 
imply 

iA.Kp)iA.F) > (Az.Kpz + a){Az.Fz) > ~E\^ + aAz.Fz 
> -E\^ +a^ = -E\ 
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as required. □ 
We now conclude the proof of Theorem 7.1. 

Case 2: {X' = and D' is a line) 

We will show Q{A, £)) > by induction on the number of connected compo- 
nents m of the exceptional divisor E of the blowdown X ^ X' . If to = then 
X = p2 and £) = £)' is a line at which point Q{A, D) = 2A^ > 0. Suppose now 
that m—1 and A — tt*A' — Ea where Ea is supported on E. Since Q{A, D) 
depends only on the numerical equivalence class of D we may without loss of 
generality assume that D ^ ti*D' where D' is a line that contains the point 
tt{E). Then 

^*Kx')){A.D)+AEl 

by Lemma 7.6 
as Q{A',D')^ 2A'2 



Q{A, D) = Q(A', D') + 2{A.{Kx - 
>Q{A',D')+2E\ 
= 2A'2 + 2E\ 
= 2A^ > 0. 



For the inductive step let Ei and E2 be two connected components of E 
and suppose xi = tt{Ei) and X2 — 7r(i?2) are their images in P^. Let D' be the 
line through xi and X2, and D' be its proper transform in X. Then tt*D' — D' 
is a collection of exceptional divisors, and two of them Fi and F2 are supported 
on El and E2 respectively. Without loss of generality we can assume that 
A.Fi < A.F2, and since D = tt*D' and tt*D' — Fi — F2 is effective, this implies 
A.D > 2A.Fi. 

Now let p: X Y he the blowdown of Ei and Dy be the pullback of D' 
under the remaining blowdown Y ^ X' . We write A = p* Ay — Ea where Ea 
is supported on Ei. Noticing that in this case Kx'D' — D'^ = —4, 

Q{A, D) = Q{Ay, Dy) + 2{A.{Kx - p*Ky)){A.D) + AE\ 

> Q{Ay, Dy) + 4{A.{Kx - p*Ky)){A.Fi) + AEl 

> Q{Ay, Dy) by Lemma 7.6 

> by inductive hypothesis 

which completes the proof of Case 2. 

Case 3: {X' is a P^-bundle over a curve and D' is a union of fibres) 

If Di and D2 are effective divisors with D1.D2 = then Q{A, Di + D2) > 
Q{A, Di) + Q{A, D2). Thus as all fibres of X' are numerically equivalent we 
may assume that D' is a single fibre. Notice that in this case Kx-D — D^ = —2. 

Suppose that is a connected component of E, and let p: X ^ Y he the 
blowdown along F. Write A — p* Ay — Fa and let Dy be the pullback of D' to 
Y . Again since Q{A^ D) depends on the numerical equivalence class of D we 
may assume that Dy contains p{F). Thus by Lemma 7.6 we get 



Q{A,D) = Q{Ay,Dy) + 2{A.{Kx-p*Ky)){A.D)+2Fl > Q{A,Dy). 
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Thus by induction on the number of connected components of E we can suppose 
that X is P^-bundle over a curve and D is a fibre, in which case a simple 
calculation yields Q{A, D) > 0. This finishes the proof of Case 3, and completes 
the proof of Theorem 7.1. □ 

Example 7.8. Let tt: X ^ be the blowup of at two points. We shall 
show that a L — —Kx is the anticanonical polarisation then {X, L) is slope 
stable but not K-stable. In fact the latter statement is well known, and follows 
from the existence of a C*-action which has non-trivial Futaki invariant (see 
for example [TiaOO, Ex. 3.11]). 

To prove slope stability it is sufficient by Theorem 4.1 to show X is not 
destabilised by any divisor. One way to do this is to start by checking directly 
that X is not destabilised by any —1 curve (and thus by (4.2) the same is 
true for any thickened —1 curve). Assume, for contradiction, that a divisor D 
destabilises, so by Theorem 7.1 we know D is not nef. Thus there is a —1 curve 
E va. X with D.E < 0. Let p: X ^ Y he the blowdown along E (so either 
y is P^ X P^ or Y is the blowup of P^ at a single point). Thus we can write 
D — p*Dy + nE where Dy is an effective divisor in Y and n > 0. 

Now writing L — cp* Dy — L — cD + ncE and using the Kleiman criterion 
we get that £{p*Dy) > e{D). Similarly writing L — cnE = L — cD + cp*Dy we 
get e{nE) > e{D) (this is clear when Y = P^ x P^ for then Dy is nef; when Y 
is P^ blown up at a single point this follows as any exceptional component of 
p*Dy is disjoint from E). Thus as p*Dy.E = we deduce either nE or p*Dy 
destabilises. But, as already observed, nE does not destabilise and hence p*Dy 
destabihses X. 

Now £{Dy, ~Ky) > e{p*Dy, ~Kx) whereas ^(X, -Kx) p{Y, -Ky) and 
Pc{ODY,-Ky) = pc{Op>DY,-Kx). Thus Dy destabilises (Y,-Ky). Now 
Theorem 7.1 implies this is impossible when F = P^ x P^ for then Dy is nef. 
On the other hand a direct calculation shows that the only destabilising divisor 
of P^ blown up at a single point is the exceptional divisor. Thus D must be 
supported on the exceptional set of n: X ^ P^. But from (4.2), if such a D 
destabilises then so does one component of this exceptional set, which is not 
the case. Thus X is slope stable as claimed. 

Remark 7.9. Szekelyhidi has previously observed that, using the description 
of the slope of a toric subscheme from [RT06, 4.3], one can show that no toric 
subscheme destabilises P^ blown up at two points. Since any effective divisor is 
numerically equivalent to a toric divisor, this also proves slope stability with 
respect to divisors. 
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